We study subrings of a ring of differential operators such that the extension of associated graded rings is finite. We show that these subrings correspond exactly to uniformly ramified finite morphisms. This generalizes a theorem of LevasseurStafford on the generators of the invariants of a Weyl algebra under a finite group.
Introduction
The ring D(X) of differential operators on a smooth affine variety X has a natural filtration. Its associated graded D(X) is commutative and can be in fact identified with the ring of functions on the cotangent bundle. In this paper, we are interested in certain "big" subalgebras A of D(X). More precisely, A inherits a filtration from D(X) and its associated graded A is a subalgebra of D(X). We call A graded cofinite in D(X) if D(X) is a finitely generated A-module.
The premier example arises in the situation when a finite group W acts on X. Then D(X) W is clearly graded cofinite in D(X).
Other examples can be constructed as follows: let ϕ : X → Y be a morphism onto A special case is the following result of Levasseur-Stafford [LS] : let W be a finite group acting linearly on a vector space V . Then D(V ) W is generated by the W -invariant functions and the W -invariant constant coefficient differential operators. In fact, the generated algebra A is graded cofinite with A ∩ O(V ) = O(V ) W . As a matter of fact, our argument is a streamlined version of their argument enhanced with a dose of commutative algebra. A key point is to show that D(X, Y ) is a simple ring. For this we follow the argumentation of Wallach [Wa] . Our result is actually more general: the smoothness of X can be relaxed to the requirement that D(X) is a finitely generated algebra and D(X) is a simple ring. Besides smooth varieties, this applies in particular to varieties of the form X = U/W where U is smooth and W is finite. In fact, conjecturally and in many cases provably, the finiteness of W can be relaxed to reductive (see [Sch] ).
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Certain rings of differential operators
All varieties will be defined over C. For an affine variety X let D(X) be the algebra of linear differential operators on X. For a dominant morphism ϕ :
This is a subalgebra of D(X) which inherits the filtration by order. The associated graded algebra of D(X) and
Our main example will be:
2.1. Theorem. Let W be a finite group acting on an affine variety X. Then
Conversely, let Φ ∈ D(X) and w ∈ W with wΦ = Φ. Then there is f ∈ O(X) with (wΦ)(f ) = Φ(f ). Clearly we may assume that the W -action is effective. Thus, we may choose any smooth point x 0 ∈ X with W x = 1 and wΦ(f )(x 0 ) = Φ(f )(x 0 ). In the completionÔ X,x we may approximate f arbitrarily close by a W -invariant. This implies that we may choose f ∈ O(X) W . But then w(Φf ) = (wΦ)(wf ) = (wΦ)(f ) = Φf , i.e., Φf ∈ O(X) W and Φ ∈ D(X, X/W ). The second equality follows from the fact that forming the associated graded algebra commutes with taking W -invariants. 
It is well known that a differential operator can be lifted uniquely to anétale cover. Thus, Φ gives rise to a differential operator on X which is regular outside a set of codimension ≥ 2. Normality implies that Φ is regular on all of X. This produces
On the other hand we always have
Now we reduce uniformly ramified morphisms to group quotients. For this we introduce the following notation: let W be a finite group acting on a normal variety X. For a prime divisor Z ⊆ X let W Z ⊆ W be the pointwise stabilizer of Z in W (the inertia group). 
Proposition. Let X → Y be a finite surjective morphism between normal varieties. Let K be the Galois hull of the finite field extension C(X)/C(Y ) and letX

In this case, we have
Proof: Condition c) means that no non-trivial element of H has a fixed point set of codimension one inX. Since X =X/H this implies the equivalence b)⇔c). Let D be the image of Z in Y . Then the ramification degrees of the divisors of X lying over D are the orbit sizes of W Z in G/H. Hence a) means that all W Z -orbits in G/H have the same size. Since K is the Galois hull, the action of G on G/H is effective. Since W Z is cyclic, a) is equivalent to all isotropy groups of W Z in G/H being trivial. But that is precisely the content of c).
H follows from Proposition 2.3, Proposition 2.2, and Theorem 2.1.
Proof: These retractions are just the Reynolds operators restricted to H-invariants (also called transfer):
2.5. Theorem. Let ϕ : X → Y be a dominant morphism between normal affine varieties. Then the following are equivalent:
Proof: Retain the notation of Proposition 2.3. If ϕ is uniformly ramified then D(X) ⊆ D(X) and the latter is integral over
Now assume that ϕ is not uniformly ramified. Let Z ⊆ Y be a prime divisor, let E be the algebraic closure of C(Z), and let t be a local equation for Z in X. Then the
andφ is given byφ(t) = x m i i . Here, the m i are the ramification degrees. Now suppose not all m i are equal. We may assume that m 1 is the maximum and m 2 < m 1 .
Clearly we have
is the subring of D(Ŷ ) generated by D(E) and t, t∂ t , and
is generated by x Proof: The first statement follows from Theorem 2.5, the second from the well known fact that if R ⊆ S is a finite extension, and S is a finitely generated algebra then R is one, as well. 
Definition:
The affine variety X is called D-simple if D(X) is a finitely generated Calgebra and D(X) is a simple ring.
It is well known that smooth varieties are D-simple. Further examples include quotients X/W of smooth varieties by finite groups. More generally, Schwarz conjectured, [Sch] , that any categorical quotient X//G := Spec O(X) G is D-finite where G is a reductive group and X is a smooth G-variety. Moreover, he proved it "most" cases. 
. Let k be an integer which is strictly larger than the order of every 
Cofinite subrings of differential operators
In this section we show that the rings D(X, Y ) are the only subrings of D(X) which are graded cofinite. 
Proposition. Let X → Y be a finiteétale morphism between smooth varieties. Observe that this induces a covering
finite A-module, both left and right. Thus there is a single exponent k > 0 such that
As mentioned in the introduction, we obtain the following result of Levasseur-Stafford Proof: The conditions on F and G ensure that the algebra generated by F ∪ G is graded cofinite in D(X).
Observe that this generalizes the Levasseur-Stafford theorem even in the case of vector spaces: it suffices to take invariant functions which generate the ring of invariants only up to normalization and invariant constant coefficient operators which generate all invariant constant coefficient operators up to integral closure. In practice, this leads to much smaller generating sets.
Here is another example of how one can play with Theorem 3.2:
W is generated by
where ω : V × V * → C is the evaluation map.
Proof: Let A be the subalgebra generated by this set. The first two pieces generate the subalgebra D(V ⊕ V * ) W × W . In particular, A is graded cofinite and there is a subgroup
H . But the isotropy group of ω inside W × W is just W embedded diagonally which implies H = W .
One remarkable feature of subalgebras of non-commutative rings is that they are much scarcer. For example: One final remark: The stipulation that our subalgebras are graded cofinite in D(X) is essential. It would be interesting to classify all subalgebras A for which D(X) itself is a finitely generated left and right A-module. Take, for example, the affine space X = A n . Then D(X) is the Weyl algebra on which the symplectic group Sp 2n (C) acts by automorphisms. Now take any irreducible 2n-dimensional representation of a finite group W which preserves a symplectic form. Then A = D(A n ) W will have the required property even though it is not graded cofinite. The point is, of course, that the W -action does not preserve the standard filtration. Nevertheless, it preserves the so-called Bernstein filtration which gives linear function also degree one. Therefore, one might want to start with the problem: what are the subalgebras of a Weyl algebra which are graded cofinite with respect to the Bernstein filtration?
